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Abstract
Purpose: The purpose of this paper is to introduce the mixed summation-integral-type Lupas¸-Phillips-Bernstein
operators.
Methods: Firstly, we compute the moments of the operators. We use the method of Korovkin-type statistical
approximation and modulus of continuity.
Results: We ﬁnd the rate of convergence of the modiﬁed operators using statistical convergence and modulus of
continuity.
Conclusions: The rate of convergence of the modiﬁed mixed operators is suﬃciently sharp.
Keywords: q-integers, q-integration, Lupas¸ operator, q-Bernstein operator, Statistical convergence, Modulus of
continuity
Mathematical subject classiﬁcation: 41A25; S 41A35
Introduction
Let q > 0. For each nonnegative integer k, the q-integer
[k] and the q-factorial [k]! are respectively deﬁned by
[ k] :=
{
(1 − qk)/(1 − q), q = 1
k, q = 1
and
[ k] ! :=
{
[ k] [ k − 1] · · · [ 1] , k ≥ 1
1, k = 0 .
For the integers n, k satisfying n ≥ k ≥ 0, the q-binomial
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The q-analogue of integration in the interval [0, a], discov-
ered by Thomae as cited in [1], is deﬁned by
a∫
0
f (t)dqt := a(1 − q)
∞∑
n=1
f (aqn)qn 0 < q < 1.




tm−1(1 − qt)n−1q dqt.
In particular, form, n ∈ N, we have
Bq(m, n) := [m − 1] ! [ n − 1] ![m + n − 1] ! .
In 1885, K. Weierstrass started the approximation the-
ory with the Weierstrass approximation theorem: ‘Every
continuous function on [a,b], can be uniformly approxi-
mated as precisely as we wants, by a polynomial function.’
© 2012 Sharma and Aujla; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
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In 1912, Sergei Natanovich Bernstein gave a famous proof
of Weierstrass’s theorem using the Bernstein polynomials
and probability theory. For a long time, the Bernstein poly-
nomials remain an intensive area of research (for details,
see [2,3]).
After the development of quantum calculus (q-calculus;
for details, see [1,4]), A. Lupas¸ was the ﬁrst person who
gave a new generalization of the Bernstein polynomials
based on q-integers as follows:
Deﬁnition 1. [5] Let f ∈ C[ 0, 1]. The linear operator
Rn,q : C[ 0, 1]→ C[ 0, 1], deﬁned by
















j=0 (1 − x + qjx)
,
is called the Lupas¸ q-analogue of the Bernstein poly-
nomials.
Lupas¸ obtained suﬃcient conditions for the sequence
Rn,q(f ; x) to be approximating for any function f ∈ C[ 0, 1].
He also estimated the rate of convergence of the operator
in terms of modulus of continuity and instigated behavior
for the convex function f (x). After about 10 years, in 1997,
Phillips proposed another generalization of the Bernstein
polynomials based on q-binomial coeﬃcients as follows:
Deﬁnition 2. [6] Let f ∈ C[ 0, 1]. The linear operator
Bn,q : C[ 0, 1]→ C[ 0, 1], deﬁned by














xk(1 − x)n−kq ,
is a well-known q-analogue of the Bernstein polynomials.
Phillips’ generalization of the Bernstein operator
becomes an active area of research, for example in [7-10].
On the other hand, the Lupas¸ operators remain unknown
for a long time. However, they have an advantage of gen-
erating a positive linear operator for all q > 0, whereas the
q-Bernstein polynomials lose its positivity for q ∈ (1,∞).
In the last few years, some researchers (see [11-13]) stud-




In 2005, Derriennic [14] studied an analogue of the
Bernstein-Durrmeyer operator related to the q-Bernstein
basis. In 2008, Gupta and Heping [15] introduced the q
analogue of the well-known Bernstein-Durrmeyer opera-
tors and investigated the rate of convergence. Motivated
from themodiﬁcation due to Gupta, we now introduce the
mixed summation-integral-type Lupas¸-Phillips-Bernstein
operators as follows:
Deﬁnition 3. Let f be a q-integerable function on [ 0, 1].
For every n ∈ N and q ∈ (0, 1), we deﬁne the operator as

















Lemma 1. [5] The following equalities are true:
Rn,q(1; x) =1,
Rn,q(t; x) =x,
Rn,q(t2; x) =x2 + x(1 − x)[ n] −
x2(1 − x)(1 − q)
1 − x + xq
×
(
1 − 1[ n]
)
.
Lemma 2. For s = 0, 1, 2 . . ., we have
Dqn(ts; x) := [ n + 1] ![ s + n + 1] !
n∑
k=0








j=0 (1 − x + qjx)
. (4)
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Bq(s + k + 1, n − k + 1)
= qk [ s + k] ! [ n] ![ s + n + 1] ! [ k] !
Therefore, by the above relation and deﬁnition of the
operator, we get the result.
Lemma 3. For all x ∈[ 0, 1], n ∈ N and q ∈ (0, 1), we
have
Dqn(e0; x) =1,
Dqn(e1; x) = [ n][ n + 2]qx +
1
[ n + 1] ,
Dqn(e2; x) = [ n]
2
[ n + 2] [ n + 3]q
3
(
x2 + x(1 − x)[ n]
−x
2(1 − x)(1 − q)
1 − x + xq
(
1 − 1[ n]
))
+ [ n][ n + 2] [ n + 3]q(2q + 1)x
+ 1[ n + 1] (q + 1),
where ei = xi for i = 0, 1, 2.
Proof. All three moments can be obtained using
Lemmas 1 and 2 as follows:
Dqn(1; x) = 1.
For the second moment, we proceed as follows:
Dqn(t; x) = [ n + 1] ![ n + 2] !
n∑
k=0








j=0 (1 − x + qjx)
= [ n][ n + 2]qR
q
n(t, x) + 1[ n + 1]R
q
n(1, x)
= [ n][ n + 2]qx +
1
[ n + 1] .
Finally, we have
Dqn(t2; x) = [ n + 1] ![ n + 3] !
n∑
k=0








j=0 (1 − x + qjx)
= 1[ n + 2] [ n + 3]
n∑
k=0







j=0 (1 − x + qjx)
= [ n]
2
[ n+2] [ n+3]q
3Rqn(t2, x)+ [ n][ n+2] [ n+3]





[ n + 2] [ n + 3]q
3
(
x2 + x(1 − x)[ n]
−x
2(1 − x)(1 − q)
1 − x + xq
(
1 − 1[ n]
))
+ [ n][ n + 2] [ n + 3]q(2q + 1)x
+ 1[ n + 1] (q + 1).
Corollary 1. By simple computation, we can ﬁnd the
central moments
Dqn(t − x; x) =
( q[ n]
[ n + 2] − 1
)
x + 1[ n + 1] ,
Dqn((t − x)2; x)=x2 + [ n]
2
[ n+2] [ n+3]q
3
(
x2+ x(1 − x)[ n]
−x
2(1 − x)(1 − q)
1 − x + xq
(
1 − 1[ n]
))
+ [ n][ n + 2] [ n + 3]q(2q + 1)x
+ 1[ n + 1] (q + 1))
− 2x
( [ n]
[ n + 2]qx +
1
[ n + 1]
)
.
Theorem 1. The sequence Dqnn (f ) converges to f uni-
formly on C[ 0, 1] for each f ∈ C[ 0, 1] if qn → 1 as
n → ∞.
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Proof. By the Korovkin theorem (see [16]), for any f ∈
C[ 0, 1], Dqnn (f ; x) converges uniformly to f as n → ∞ if
Dqnn (ti; x) → xi for i = 0, 1, 2 uniformly on [ 0, 1] as n →
∞.
From the deﬁnition of Dqn and Lemma 3 , Dqnn is a linear
operator and reproduces constant functions. Moreover, as
qn → 1, then [ n]qn → ∞; therefore, one can observe that
Dqnn (ti; x) → xi for i = 0, 1, 2. Hence, Dqnn (f ) converges to
f uniformly on C[ 0, 1].
Conversely, let, if possible, Dqnn (f ) converge to f uni-
formly on C[ 0, 1] and qn does not tend to 1 as n → ∞.
Therefore, there exists a subsequence (qnk ) of (qn) s.t.




= 1 − qnk1 − qnk n
→ (1 − q0);
taking n = nk and q = qnk in Dqn(e1, x), we have
Dqnn (t; x) → q0x + (1 − q0)  x




A sequence (xn)n is said to be statistically convergent to a
number L, denoted by st − lim
n
xn = L if, for every ε > 0,









is the natural density of set K ⊆ N and χK is the
characteristic function of K. For instant
xn =
{
lgn n ∈ {10k , k ∈ N}
1 otherwise ,
series (xn)n∈N converges statistically, but limnxn does not
exist. We note that every convergent sequence is a statis-
tical convergent, but converse need not to be true (details
can be found in [17]).
As an application of the Bohman-Korovkin-type
theorem [18], we have the following result for our opera-
tors:
Theorem 2. Let (qn)n be a sequence satisfying
st−lim
n
qn = 1, st−limn q
n





then for all f ∈ C[ 0, 1], the operator Dqn(f ; x) statistically
converges to f, that is
st − lim
n
∥∥Dqnf − f ∥∥ = 0.
Proof. It is clear that
st − lim
n
∥∥Dqnn (e0; ·) − e0∥∥ = 0. (6)
Based on Lemma 3, we have
∣∣Dqnn (e1; ·) − e1∣∣ =
∣∣∣∣
( qn[ n]qn
[ n + 2]qn
− 1
)
x + 1[ n + 1]qn
∣∣∣∣
≤
∣∣∣∣qn(1 − qn)[ n]qn −(qn + 1)[ n + 2]qn
∣∣∣∣
+
∣∣∣∣ 1[ n + 1]qn
∣∣∣∣
≤
∣∣∣∣qn(1 − qn)[ n]qn[ n + 2]qn
∣∣∣∣+
∣∣∣∣ (qn + 1)[ n + 1]qn
∣∣∣∣
+
∣∣∣∣ 1[ n + 1]qn
∣∣∣∣ .
Using Equation 5, we get
st − lim
n
qn(1 − qn)[ n]qn











[ n + 1]qn
= 0.
Deﬁne the following sets:
A := {n ∈ N : ‖Dqnn (e1; ·) − e1‖ ≥ },
A1 := {n ∈ N :
(qn(1 − qn)[ n]qn
[ n + 2]qn
)
≥ /3},
A2 := {n ∈ N :
(
(qn + 1)
[ n + 1]qn
)
≥ /3},
A3 := {n ∈ N :
( 1
[ n + 1]qn
)
≥ /3}.
Thus, we obtainA ⊆ A1⋃A2⋃A3, i.e., δ(A) ≤ δ(A1)+
δ(A2) + δ(A3) = 0.





∥∥Dqnn (e1; ·) − e1∥∥ = 0. (7)
A similar calculation reveals that
∣∣Dqnn (e2, ·) − e2∣∣ ≤
∣∣∣∣∣ qn
3[ n]2qn
[ n + 2]qn [ n + 3]qn
(
1 − 1[ n]qn
− 1 − qn1 − x + xqn
(







[ n + 2]qn [ n + 3]qn
1 − qn
1 − x + xqn
×
(
1 − 1[ n]qn
)∣∣∣∣
+
∣∣∣∣∣ qn(qn + 1)
2[ n]qn
[ n + 2]qn [ n + 3]qn
∣∣∣∣∣+
∣∣∣∣ 1 + qn[ n + 1]qn
∣∣∣∣ .





[ n + 2]qn [ n + 3]qn
(
1 − 1[ n]qn
− 1 − qn1 − x + xqn
(








[ n + 2]qn [ n + 3]qn
1 − qn
1 − x + xqn
×
(





qn(qn + 1)2[ n]qn





[ n + 1]qn
= 0.
Deﬁne the following sets:
B :={n ∈ N : ‖Dqnn (e2; ·) − e1‖ ≥ },
B1 :={n ∈ N :
(
qn3[ n]2qn
[ n + 2]qn [ n + 3]qn
(
1 − 1[ n]qn
− 1 − qn1 − x + xqn
(





B2 :={n ∈ N :
(
qn3[ n]2qn
[ n + 2]qn [ n + 3]qn
1 − qn
1 − x + xqn
×
(
1 − 1[ n]qn
))
≥ /4},
B3 :={n ∈ N :
(
qn(qn + 1)2[ n]qn
[ n + 2]qn [ n + 3]qn
)
≥ /4},
B4 :={n ∈ N :
( 1 + qn
[ n + 1]qn
)
≥ /4}.
Thus, we obtain B ⊆ B1⋃B2⋃B3⋃B4, i.e., δ(B) ≤




∥∥Dqnn (e2; ·) − e2∥∥ = 0. (8)
Thus, by using Equations 6, 7, and 8 and the Bohman-
Korovkin-type theorem, we get the result.
The modulus of continuity of f (x) ∈ C[ 0, a], denoted by
ω(f , δ), (δ > 0), is deﬁned by
ω(f , δ) = sup
|x−y|≤δ,x,y∈[0,a]
|f (x) − f (y)|.
It is well known that, for a function f ∈ C[ 0, a], we have
lim
δ→0+
ω(f , δ) = 0.
The modulus of continuity possesses the following prop-
erties:
∀λ, δ > 0,ω(f , λδ) ≤ (1 + λ)ω(f , δ)
∀δ > 0, |f (x) − f (y)| ≤ (1 + δ−2(y − x)2)ω(f , δ).
Theorem 3. Let (qn)n be a sequence satisfying
Equation 5. Then
|Dqnn (f ; x) − f | ≤ 2ω(f ,√δn) (9)
for all f ∈ C[ 0, 1], where
δn = Dqnn
(
(t − x)2; x) . (10)
Proof. By the linearity and monotonicity of Dqn, we have
|Dqn(f ; x) − f | ≤ Dqn(|f (t) − f (x)|; x)








By using property of modulus of continuity,















≤ ω(f , δ)
(




(t − x)2; x)) ;
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using Corollary 1 in the above inequality and letting δn =
Dqn
(
(t − x)2; x), δ = √δn, we get the result.
Deﬁnition 4. The linear operator deﬁned on C[ 0, 1],
for x ∈[ 0, 1], is given by















(1 − q)k[ k] !∏∞j=0 (1 + qj x1−x) ,
and for x = 1, Rq∞(f ; x) = f (1) is called the limit q-Lupas¸
operator.
Lemma 4. [12] We have
Rq∞(1; x) = 1,
Rq∞(t; x) = x,
Rq∞(t2; x) = x − qx
(
1 − qx1 − x + qx
)
.
Deﬁnition 5. Let f be a q-integrable function on [ 0, 1].
For every q ∈ (0, 1), we deﬁne the modiﬁcation as


















(1 − q)k[ k] ! . (12)
Lemma 5. For s = 0, 1, 2 . . ., we have
D˜q∞(ts; x) = (1 − q)s
∞∑
k=0
[ k + s] !
[ k] ! b
q
∞,k(x). (13)
(a) q=0.7 (b) q=0.8
(c) q=0.9 (d) q=0.99
Figure 1 Curves for f (x) = x, Dqn(t;x), D˜
q
∞(t;x), and n = 500. (a) q = 0.7, (b) q = 0.8, (c) q = 0.9, and (d) q = 0.99.
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The lemma can be proved by just using the deﬁnition of
the q-Beta operator [1].
Lemma 6. For all x ∈[ 0, 1) and q ∈ (0, 1), we have
D˜q∞(e0; x) =1,





1 − qx1 − x + qx
))
+ q(2q + 1)(1 − q)x + (1 − q)2(1 + q).
All three moments can be obtained using Lemmas 4
and 5.
Theorem 4. Let 0 < q < 1, then for each f ∈ C[ 0, 1]
and 0 ≤ x < 1, Dqn(f ; x) converges uniformly to D˜q∞(f ; x).
Furthermore,
‖Dqn(f ; x) − D˜q∞(f ; x)‖ ≤ Aqω(f ; qn), (14)
where Aq is constant depending on q only.
Proof. By the deﬁnition of operators, we can write

























|Aqn,k(f − f (1))









× (f − f (1))|bq∞,k(x)
:= I1 + I2 + I3.
(a) q=0.7 (b) q=0.8
(c) q=0.9 (d) q=0.99
Figure 2 Curves for f (x) = x2, Dqn(t2;x), D˜
q
∞(t2;x), and n = 500. (a) q = 0.7, (b) q = 0.8, (c) q = 0.9, and (d) q = 0.99.
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From Theorem 3 of [19], we know that
|Aqn,k(f − f (1)) − Aq∞,k(f − f (1))| ≤
5ω(f ; qn)
1 − q





|Aqn,k(f − f (1)) − Aq∞,k(f − f (1))|bqn,k(x)













|Aq∞,k(f − f (1))|bq∞,k(x)








= 2ω(f ; qn).
From Lemma 2 of [11], for q ∈ (0, 1) , bqn,k(x) ⇒ bq∞,k(x).
In other words, some constant Cq may depend on q such




|Aq∞,k(f − f (1))||bqn,k(x) − bq∞,k(x)|




≤ 2Cqω(f ; qn).
Finally,
|Dqn(f ; x) − D˜q∞(f ; x)| ≤5ω(f ; q
n)
1 − q + 2Cqω(f ; q
n)
+ 2ω(f ; qn)
=Aqω(f ; qn).
Conclusions
Wemay observe here that for f (x) = x2, we have
‖Dqn(f ; x) − D˜q∞(f ; x)‖  qn  ω2(f ;
√
qn),
where A(n)  B(n) means that A(n)  B(n) and A(n) 
B(n). A(n)  B(n) means that there exists a positive
constant c (independent of n) such that A(n) ≤ cB(n).
Hence, the estimate (Equation 14) is sharp in the sense
that the sequence qn in Equation 14 cannot be replaced
by any other sequence decreasing to zero more rapidly as
n → ∞.
Here (in Figures 1 and 2), we draw the curves for f (x)
(in red), Dqn(f ; x) (in blue), and D˜q∞(f ; x) (in green) using
Maple programming.
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